Ecological modelli ng, 200Q V.131, No.2-3, pp. 207-227.
© A.P.Levich

Variational M odelling Theorems and

Algocoenoses Functioning Principles

A.P. Levich
General Ecology Lab, Biological Faculty, Moscow State University, Moscow 119899, Russia

levich@5.vertebra.bio.msu.ru

Abstract

Natural system structure moddling onthe basis of category and functor theory makes it
possbleto formulate extremal principles of system moddlingand to derive functionals for setting up
variational problems in the ecology of communities.

Variational moddling allows one to predict and understand many features of stationary
states of communities of many species that consume mutually irreplaceable resources.

A solution to the variational problem, that is, the species dructure formula, allows ore to
calculate the abundance of a member species of a community as a function d the resources which
restrict its development and the demands of individuals for these resources. It is posgble as well to
solve the inverse problem: given the population abundances and the amounts of limiting resources,
estimate the demands. One can also calculate the partial consumption o any resource by each
population, given its consumption by the whae community.

Analytical consequences of the variational moddling also suggest interpretations and
analogues of the functional to be etremized: entropy, free @ergy, exergy, complexity, information,

sdf-organization, expansion, degreeof structuredness degreeof stability, diversity and the limiting



resources consumption. The origin and the ecological meaning d the modd constructs is discussed,
including rank dstributions, diversity indices and Lagrange multipliers.
The adequate conseguences of variational moddling have been verified by numerous

experimental data onlaboratory and retural (in vitro and in situ) algocoenases.

Keywords: Variational moddling; Extremal principles; Limiting rules; Biogenic manipulation in

algocoenoses.

1. Introduction

A conventional way of formal moddling d system dynamics is to employ dfferential
equations. These ejuations are ather guessed o obtained phenomendogically, by formalizing
empirical laws and using plausible reasoning. There is also an approach which postulates, instead of
equations, a variational principle and the form of a functional to be etremized. The eyuations
themsedlves then follow from solving the appropriate variational problem. Such an approach is used
both in the problems of theoretical ecology (e.g. Lotka, 1922 Margalef, 1958 McArthur, 1969
197Q Odum, 1971 Samudson, 1974 Insarov, 1975 Cohen, 1979 Schmezer et al., 1981
Semevsky and Semenov, 1982 Lurieet al., 1983 Straskraba and Gnauck, 1985 Jzrgensen, 1986
1988 1995 Mauersherger and StraSkraba, 1987 Svirezhev, 1991 Zede, 1991 Nidsen, 1995
1997 Patten, 1995 Washida, 1995 Webb, 1995 Bendaicchio and Jargensen, 1997 and in solving
a wide range of general biological problems. One of the unsolved problems is to degoen the
traditional approach, namely, to try to find arguments making it possble to derive rather than guess
the functionals able to form a basis for variational moddli ngin ecology.

It is wdl-known that, for example, in theoretical physics the functionals are frequently
guessd with the aid o such considerations as their invariance with respect to the transformations
admitted by the physical principles. It is suggested to look for such arguments applicable to

biologcal systems of many arganisms.



The purpose of the present pubicationis to bring to the readers' judgement the up-to-date
theoretical and applied results of variational moddling in the ecology d communities. It is proposed
to judge about the etent to which the ideas have been redlized by the adequacy of the resulting
variational modd and by the predictive ability of its analytical consequences when applied to the

description d important ecological principles.

2. The experimental context of the studies

The ecological applications of the modd have been investigated for groups of organisms
which need several mutually nortinterchangeable resources. These can be, for instance, communities
of autotrophic organisms consuming carbon, nitrogen, phasphaorus, silicon, energy o light, etc., or
communities of bacteria growing onseveral substrates which are simultaneously necessary for them.
The point under study is the existence of communities of several species of organisms competing for
COMMON resources.

The modd describes the growth o organisms under the condtion d a norrenewable
resource deposit. In vitro, this stuation corresponds to batch cultivation rather than continuous one.
| would nde that the continuous cultivation, unlike the batch ore, nat only renews the nutrient
deposits in the environment, but also diminates biomass of all the species of the community in the
same proportion, depending onthe flow veocity. This circumstance manifests an essential diff erence
between the cortinuous cultivation and the processs that take place in natural condtions, where
biomassedimination is always gecies-dependent. On the other hand, the batch cultivation may serve
as a prototype for some natural systems, such as reservoirs whase nutrient deposits are refill ed orce
or twice a year, when the eriched waters from under the thermocline are mixed with the water
masses of the phatic layer (Odum, 1983.

The period under study is that betweean inaculation and gowth termination, when the latter
is caused by exhausting ore of the resources rather than some other reason (such as auto-toxication,

aldopathic interactions, etc.).



It is taken into account that the growth of organisms is determined not only by the resource
deposits in the environment, but also ther intracdlular deposits. Namely, one of the physiological
mechanisms of the effect of the deposits upon the growth is meant: cdlular fission terminates when
the intracdlular deposit of one of the mutually irreplaceable resources reaches a certain species-
dependent minimal value (Droop, 1973). A special experimental development is necessary for taking
into account this circumstance (Levich and Artyukhova, 1991).

The modd verification and the approbation of the resulting methods of community
structure control were carried out using the data about laboratory and natural phytoplankton
communities. The materials and methodologies, which served as a basis for obtaining these data, are
presented in the sections of the paper where the corresponding experiments are mentioned, in order to

rid the reader of returning to a previously read material.

3.Model description

| build a model of a community of organisms where groups differ from one another in
physiological demands for resources (these may be populations of different species or other
physiologically homogeneous groups of individuals). It is convenient to describe such a community

interms of a set of n dements, split into w non-intersecting classes, with the number n; of dementsin
- W

aclass (i =1,w; z n, =n), i.e, by the mathematical structure of partitioned sets. The
i=1

partitioning classes just correspond to physiologically distinct groups of organisms. | will call the set
of abundances #={ny;, Nny,..., Ny} of the member species of the community the state of the
community.

Due to this circumstance, | use a consequence of the above local formulation of the
extremal principle: the system proves to be in a state with the most extremal structure (within the

limits admitted by the resources).



Consider a community of unicdlular organisms, where death and fisson d cdls are
admitted, but their fusion and introduction from outside are forbidden. In this case, a specific

invariant of the partitioned sets dructureis (Levich, 199%)

n

3(A) = ——,

[

W
where N = Z N; is the total abundance of the community. The logarithm of this invariant, called
i=1

the generalized entropy (Levich, 199%), is

H (i) = InJ7A) = —nz In—

(a conrection between the invariants and Boltzmann's expresgon for the entropy and the diversity
indices is discussed in more detail in Section 4.4).

There appears a variational problem of finding a condtional extremum:
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Here n and n; are the final abundances to be found, L* is the sum of the initial content of the resource

k in the environment and in the cells (L* = 0), qik are the final celular quotas of the species i with

respect to the resource k, mis the whae number of mutually irreplaceable resources consumed by
the community and w is the number of species in the community. | am stressng that the restrictions
in this problem are formulated as inequalities. A reasoning for the resource limitation is the necessty
of observing the conservation laws for the resources consumed by the community from the

environment.



4. Variational modelling theorems and their ecological consequences

4.1. Sratification Theorem

Formulation of the theorem (Levich et al., 1994)

m
The whole resource factor space |_| LK splits (stratifies) into 2™ — 1 non-intersecting
k=1
domains (strata), each stratum corresponding to one of the subsets of the set of resources consumed

by the community. For each stratum S', where J # [ is a subset of the set of resources {1,2,...,m},

one has:

-

« a solution to the problem (1), n; (L) where L = {L} L3..., L™} depend on only

those L* for which k 0 J (note that, as is indicated in Section 4.2, this solution to (1) exists and is
unique);
W
* on this solution, the nonstrict inequalities Z qikni < L* become strict equalities for

i=1

al kO Jand strict inequalities for all k O J.

The theorem yields an algorithm for calculating the strata for a set of quotas qik specified

in the community. Figs.1 and 2 present the stratification of the environmental factor space for m= 2

and m = 3. The Stratification Theorem implies a reduction of the problem (1) to the problems

[H(n) —extr
e
DZni =n;
ﬁff | | @
BZquni =L, jOd;

0=t -

B, 20, i=1,w,

formulated for any J O {1,2,...,m}.



The Limiting Link Rule

The biological interpretation d the Stratification Theorem leads to the Limiting Link Rule
for communities of many species, whase populations compete for several resources (Levich et al.,
1993h. I will call li miting resources the resources which are aetirely consumed by the community

from the ewvironment, i.e. those for which the balance inequalities from the problem (1) turn aut to

be equalities. According to the Stratification Theorem, from a specified set of resources L, entirely

consumed are (i.e. restrict the growth o the community) those resources which belongto the set J

that identifies the stratum S, the specified vector I belongs to. Thus the Stratification Theorem
makes it possble to rigorously predict the resources which limit the growth o a community with a
specified set of quotas qik :

For monccultures the Limiting Link Rule coincides with Liebig's minimum principle
(Liebig, 1840, namdy: for LY/L? < q'/q? thefactor 1 is limiting (Fig. 3). This condtionis equivalent
to LYL? < g%cf, i.e., the limiting resource is the one for which the abundance reached onits deposit
is minimal (i.e. the one which “is in its minimum” in the above sense). | would like to nde that,
formally, the problem (1) is nat defined for w= 1, since in this case the functional becomes a
constant. But the problem may be solved in this case just on the basis of the resource limitations

which gve

n, < Lk/qf , k=1m,
ie, Ny = mki r{Lk/qf} , or Liebig's minimum principle, is reali zed.

For communities of more than ore species, according to the Limiting Link Rule, there are
both damains where the growth is restricted by a singe factor and thase with several li miting factors,
in particular, all the factors. The latter situationis called in the agronamical literature Mitscherlich's
"Law of joint action d factors' (Mitscherlich, 1909. Experiments with phytoplankton (Droop,
1973 Rhee 1978 Ahlgren, 198Q De Groat, 1983 demonstrate the predicted switching d the

limitation.



The domains of the limitation when the community growth depends, for example, on two

resources, L' and L?, is calculated in the following way (Levich et al., 1993b). Let X, be the unique

W W o
root of the equation Z x% =1, and y, the unique root of the equation Z y9 =1 Thenthe

i=1 i=1
w 1 q-l w
Z Qi XoI Z Q| yoI
quantities V(qik) = 'v:vl and n|(q; ) = v:vl— determine the boundaries of the
2 ,l |
Z q X Z qf Yo
i=1 i=1
domain v(qik < Ll/L2 <n qik ) where the community growth is limited by both resources L*

and L% When L1/L2 < v(qik) , thefirst factor is limiting, and when L1 /L2 > n

qik ) , the second

one Table 1 gives an example of calculating the nature of limitation for an algocoenosis whose
growth is potentially limited by nitrogen and phosphorus. Examples of calculations for other
coenoses and for m> 2 are given in the paper cited above (Levich et al., 1993b).

| propose the description of a direct experiment for verifying the Limiting Link Rule. For

an algocoenosis with known demands of the species, qik (i=1,w; k =1,m), one puts
2M —1 flasks with initial values | o of the set of consumable resources belonging to each stratum

J. Once the growth has stopped, one pours out the content of each flask to 2™ — 1 new flasks and
adds to each of them one of the sets of resources J. The renewal of growth in a secondary flask with
the addition of a minimal (by inclusion) set J indicates that just this set had been the limiting one in
the corresponding primary flask. Such an experiment has been performed (Levich and Lichman,
1992) with a community of species of micro-organisms (the green algae Scenedesmus quadricauda
(Turp.) Breb., Ankistrodesmus falcatus (Codra) Ralfs and the cyanobacteria Anabaena variabilis

(Kutz), with different initial environmental concentrations of nitrogen and phosphorus. The quotas of
the species, qiN and qip , were determined in monocultures of the same species using a special

methodology (Levich and Artyukhova, 1991). The results of the experiment coincided with the



predicted sets of limiting factors (only nitrogen, only phosphorus or jointly nitrogen and phosphorus)

for different initial values of the environmental concentrations.

SHlection of species for balanced utilization of multicomponent substrates

The species sdection problem is solved by two stages (Zamolodchikov and Levich, 1992).

One should first choose the quota matrix qik in such a way that the boundaries of the total

consumption stratum embrace the specified vector of environmental resources (for instance, a cone
with the boundaries v (qik ) and n(qik) for m= 2 and thevector 7. in Fig. 1). At the second stage,

given the quota matrix qik , one should choose real species with the necessary demands (quotas).

Such a problem may be useful for biological decontamination of waters, for composing cultivation

media, etc.

4.2. Solution of the variational problem

Soecies structure formula. Sufficient and necessary conditions of an extremum

The problems (2) have the solutions
A XI5
ni(L )—nex;{>—)\ qi}, ©)
where the vectors L7, A7 and G’ have components j from the set J which identifies the stratum

containing the vector LY. The Lagrange multipliers A’ and the total abundance n are sought as

functions of the resources L that are entirdy consumed in the stratum S, from the algebraic

equations



(4)

It has been shown (Levich et al., 1994) that a solution to (3) always exists, is unique and
realizes a maximum of the functional H (N . In applied ecology, the species structure formula (3)

makes it possible to calculate quantitatively:
« the abundances n; and n, given the resource deposits L* and the demands qik ;

* partial environmental resource consumptions A Lik = qikA n by the populations of

the community, given the total resource consumptions AL!‘ (k O J) by the whole
W
community ALK = > ALK
i=1
* partial Atik and total (Atk ) real consumptions of the resources which are not included

inthe stratum S’ (k [7J);

* quotas of species qik , given the population abundances n; and the consumptions L* (inm

series of experiments for m resources).

Adequacy of the model

The species structure formula explains qualitatively the origin of rank distributions of the
abundances n; of populations in communities. The origin of rank distributions is discussed in more
detail in Section 5.1.

In an experiment with a polyculture of 10 species of green algae (Chloréla vulgaris
(Bgerink.), Scotiella nivalis (Fritsch.), Chromochloris cinnoborina (Chodat.), Scenedesmus
guadricauda (Turp.), Scenedesmus bijugatus (Lagerh.), Scenedesmus obliquus (Kruger.),

Ankistrodesmus acicularis (Korschik.), Ankistrodesmus braunii (Brunnth.), Sichococcus mirabilis



(Lagerh.) and Chlamydomonas humicola (Luksch.)) the abundances and biomasses of the species,
the primary production and the concentrations of mineral forms of nitrogen and phosphorus were
measured within 70 days in several repetitions. The demands of the cdls for phosphorus was
measured in monocultures of the same species. The algae grew in the storing regime, without
bubbling, on Benekeé s medium. The content of the nutrients in the medium was maintained in such a
way that the algal development be limited by environmental phosphorus. At the stationary stage of

the growth, the distribution of cels abundances obeyed the species structure formula
n; =nex 5%— )\qip} with a multiple correation factor of 0.97 (Levich et al., 1986).

The same set of experiments, along with sixteen other ones, was, in addition, analyzed with
the aid of the rank criteria of sample adequacy and cdllular quota calibration (Zamolodchikov et al.,
1993). The sets of experiments differed from each other in the choice of taxons (four to ten speciesin
a polyculture) and in initial concentrations of nitrogen and phosphorus in the medium (Levich et al.,
1997). When the growth is limited by a single resource, the place of a species in the decrease-ranged
row of abundances at the stationary stage is entirely determined by the cdlular quota rank of the
species with respect to the limiting resource (the greatest abundance corresponds to the smallest
quota). An attempt was made to pick out, within the experimental error, a unique set of cdlular
quota ranks measured in the experiment, in such a way as to reproduce the experimental abundance
ranks in already all the sets of experiments where the growth was limited by a single resource. |
succeeded to do so with Spearman’ s rank corrdation factor of 0.92 to 1.00 (Table 2). For sets of
experiments with more than one limiting factor, the adequacy of the species structure formula was
verified in the following way. From the species abundances measured in a pair of sets of
experiments, the cdlular quotas of nitrogen and phosphorus were calculated; then, using these
calibrated quotas, the species  abundances were computed for all the other sets of experiments, and
the results were compared with the experimental values. The comparison showed that the computed

abundances coincide with the experimentally measured ones within the experimental errors.



Invariance of the species structure formula

The set of algebraic equations (4), after exclusion d the variable n, is written in the form

BZex;é— Xdi) =1;

|

%Zchj ex;é— 7\61,) L]

SI . &_X#)ZL—',, JDJ, rij,
Eizch exp- Aq;

©)

whence it follows that the Lagrange multipliers A¥ and, simultaneously, the redative abundances
nj/n = exp{— Xdi} depend on oty ratios of the resources. This fact makes it possble to cortrol
the species  abundances with theaid of environmental resource ratios (seeSection 4.3).

The species  rdative abundancesn/n are also invariant with respect to similarity
transformations of the quotas q (Levich et al., 1994, therefore the species dructure formula
alows ore to calculate only ratios of quotas of different species with respect to each resource, but
nat their absolute values (this fact is also important for model calibration).

The species gructure formula makes it posdble to find the resource dependence of the total

abundance of the community and its entropy diversity index (Levich et al., 1994):

Sy U [y ()

. _— i L/
where [J0 is the number of limiting resources correspondng to the stratum S yJ =— ae the
L

resource ratios, f and g are some functions.

Examples of the species structure formula (justifications of the calculations are contained in the

papers: Levich, 1980 Levich et al., 1994

1) m=1; g=ou; n= 0,36-5-e 70571 __ an exponential distribution o abundances.
a1



2) m=1,q =q+Ini); n= 0,23Li 128 __ 3 hyperbolic distribution d abundances. Fig. 4
S

ill ustrates the exponential and hyperbolic rank dstributions of species’  abundances;

3)m=2; w= 4. | will present the experimental values of nitrogen and phasphaorus quotas for one of

the sets of experiments with laboratory algocoenoses (dimension: 10° mg/cell):

qN =394 g =091 ) =169 q) =041
i =079; g5 =028, g§ =022 g} =021

The results of numerical calculations according to the species gructure formula ae presented in Fig.

5.

4) me=€2; qi1 = q%iz, qi2 = ql2 /i2 (a two-factor “quadratic” modd). The results of the
calculations are presented in Fig. 6.

5 m=3;w= 4.1 will present the experimental values of the demands for the energy o light (units
by convention, Bulgakov, 1990 for the same set of experiments for which the demands for
nitrogen and phaspharus have been gven in Example 3:

af =324; qf =164; qf =114; gf =084

The results of the calculations are demonstrated in Fig. 7.

4.3. Theorem of Maximum Species Abundances

Analytical result

As has been indcated above, the set of equations (5) implies that the rdative abundances
of the species depend orly onthe ratios of the environmental resources which limit the growth. It has
been proved (Levich et al., 1993; Alexeyev and Levich, 1997 that the relative abundance of a
species takes its greatest possble value if the environmental resource ratios coincide with the ratios
of the species demands for the same resources. Fig. 8 illustrates this result by a numerical

calculationfor the casem = 2, w = 4 and the experimental values of the quotas.

Phenomenological verification of the theorem



There is a number of well-established phenomendogical dependences that reflect the
empirical concepts of phytoplankton gowth and consumption. They include, in particular, the

Monod law (Monod 1942 for resource absorption from the  ewironment:
dr/dt O L/M Ly, Droop' s law (Droop, 1973 for the dependence of the growth rate on the

intracellular concentrations of substances: dn/dt 01 - qu?n n/q" , the matter conservation law, etc.

These dependences gave rise to the creation d simulative modes taking into account the anpirical
generalizations. Since such modes incorporate redlistic data descriptions, these modd should, like
“big approximation formulae’, implicitly describe the “correct” behaviour of the communities. On
the basis of these premises, | have tested the hypothesis of the controlling effect of the growth-

limiting resources using the foll owing simulative modd (Jzrgensen, 1980):

Cdb, m [ qf . —
Vmaxl rad.l ﬂ . |:|bi 1 I = ]-'W;
Sd_t 15 0
Ly fk
EF'(CIib. . g —q-k L — —
O———=u ner i=Lw k=
g o "~y M +qu - o
D k wd .k
o ed(a ) "
Hdt & ot

for w=3 and 4; m=2 (Levich and Lichman, 1992. In addtion to the previously introduced

natations, here: by is the biomass of the i-th species; Vi and unax are the greatest growth and
absorption rates, respectively, and M ik is the correspondng semi-saturation constant.

After modd calibration based on experimental data for a laboratory algocoenasis, three
computer experiments were conducted with, respectively, 45, 240 and 17 combinations of initial
nitrogen and phasphorus concentrations. The dependence of the species abundances on the N/P ratio
was nat pre-loaded in the modd. The results of the simulations confirm the hypothesis on the
dependence of the relative abundances onthe N/P ratio and onthe proximity of the optimal N/P ratio

to theratio of the correspondng calibrated minimal quotas for each species.



Table 3 demonstrates, as ratio of species in 4-species polyculture varies depending on the
resources ratio in a medium in the beginning of each computer experiment. At the lowest N/P
Scenedesmus quadricauda cels contribute about 80 % to total biomass of polyculture, but biomass
of, for example, Ankistrodesmus falcatus makes only 6-8%. At the increase of N/P species
predominance in polyculture changes into opposite. Listed in Table 3 intervals of N/P values and
species shares in polyculture are integrated on a few computer experiments. For example, in
experiments with the N/P ratios in the beginning of experiment varying from 0.07 up to 5 share of S
guadricauda varied from 75 up to 80 %, and share S. obliquus varied from 3 up to 6 % and so on.
Figure 9 shows similar change of subdominants in 3-specific polyculture (points marked on the

graphs are the results of concrete computer experiments).

Experimental control of the composition of an algocoenosis with the aid of the environment

resourceratio

The experiments of my colleagues and mine have been conducted with laboratory
polycultures and with natural phytoplankton communitiesin vitro and in situ.

The numerous sets of laboratory experiments (Levich et al., 1997; Bulgakov and Levich,
1999) differed from each other in the algocoenosis compositions and in the initial nutrient
concentrations in the medium. In the repeated experiments, one measured the abundances, cdlular
volumes and environmental resource concentrations both in the polycultures and in the corresponding
monocultures. The initial intracdlular deposits of the limiting resources were controlled, as wdl as
such non-limiting parameters as light, temperature, acidity, micro-elements; algological and
bacteriological purity, absence of metabalic interaction. The resource consumption by the whole
community and the cdlular demands were calculated. The experiments in the storing cultivation
regime continued until a stationary stage of growth was reached. Fig. 10 presents the results of two
experiments with two-species polycultures (Levich and Bulgakov, 1993). It should be noted that

neither of these experiments contradicted the consequences of variational moddling.



Two experiments have been conducted with pond phytoplankton in dfferent seasons
(Levich et al., 1992 Bulgakov and Levich, 1999. The pond community contained more than a
hundred o species bdongng to several large taxons: Chlorophyta (Chlorococcales,
Chlamydomonadales, Desmidiales), Bacill ariophyta, Cyanophyta. In ore of the sets of experiments
(20-liter aguaria), threedifferent N/P ratios, in the interval of 5 to 16, were tested; in another set
(two-liter flasks) — five ratios in the interval of 2 to 200, The eperiments were repesated several
times. Fig. 11 illustrates the main trend: for Protococcales algae, high values of the N/P ratio are
optimal, while for blue-green ores and datomes — low ones (of course, these are nat high taxons
that respond to the N/P ratio, but the dominant species. among Chlorococcales these are S
guadricauda, among Cyanophyta these are the species of the genus Microcystis, among
Bacill ariophyta these are Nitzschia sp.). | can nde that the /g ratio for S. quadricauda is
measured in tens of units (Levich and Artyukhova, 1991), while for the species of the genus
Microcystis the optimal ratio is 5 to 10 (Rhee and Gotham, 1980. In the eperiment being
described, the dfect of the N/P ratio onthe size structure of the community was estimated as wdll. It
turned aut (Fig. 12) that, as N/P grows, the biomassof the classof small cells increases, while that
of the large cdls decreases (it is naturally nat the cell size that is changing, but the proportion d the
species with the correspondng cell size in the whde community).

Theinvestigations in situ were conducted (Levich and Bulgakov, 1992 Levich et al., 1996
a,b; Bulgakov and Levich, 1999 for threeyears in seven experimental fish-breading ponds of 0.25
to 3.5 hectares, about 1.5 m degp. Mineral nitrogen and phasphorus were delivered to the test and
control ponds from the beginning d April in dfferent proportions: N/P = 4 in contral ponds and
N/P=25 to 30 in test ponds. Besides, the data eout the phytoplankton and hydochemical
characteristics of the same ponds in aher seasons were taken into account (about 20 “year-ponds’
altogether). The biomasses of the phytoplankton populations were investigated, and the biochemical
parameters of the ponds were controlled. High N/P ratios led to an increasing fraction o

Protococcales algae and to a decreasing fraction d the blue-greens (whose composition was



dominated by nitrogen-non-fixing species). Fig. 13 illustrates a typical dynamics of reative
biomasses for one of the ponds in one of the seasons.

Numerous laboratory experiments with flow-type cultivation of strains and natural
phytoplankton have revealed the existence of optimal species-dependent concentration ratios of
nitrogen, phosphorus and silicon (Holm and Armstrong, 1981; Tilman, 1982; Sommer, 1983;
Kilham, 1986; Suttle and Harrisson, 1988; Grover, 1989; De Pauw and Naessens-Foucquaert, 1991;
Suttleet al., 1991).

The first observations of the role of substance ratios for the phytoplankton development
have been made as early as in the thirties (Pearsall, 1930). Significant are Smith' s works (Smith,
1983; 1986): he analyzed the data from tens of lakes of the world and discovered that the fraction of
the blue-greens in the lake algocoenoses falls down abruptly as the atomic N/P ratio exceeds the
value of 25. Tilman (1982) called the discovered law “adramatic influence of the N/P ratio on the
taxonomical composition of lakes’. The widdy known experiments in the small lakes of Sweden,
conducted for many years (Schindler, 1977; Findley and Kasian 1987), have also shown that the N/P
variation led to a change in the reservoir blooming type. The dependence of a high abundance of the
blue-greens on low values of the N/P ratio (or the dependence of a high abundance of the greens on
high N/P values) has been noticed in the lakes of the USA (McQueen and Lean, 1987; Stockner and
Shortreed, 1988), South-Eastern Asia (Cho et al., 1990), South Africa (Haarhoff et al., 1992). The
inverse proportionality between the abundance of the blue-greens and the N/P value has been
established with the aid of statistical corréation analysis for many lake ecosystems (Varis, 1991).

One of the possible mechanisms of such N/P-dependences of the abundances of blue-green
and green algae can be represented by the dependence of the optimal N/P ratio on the ratio of the
corresponding cdlular demands, revealed by the theorem of maximum species abundances (in the
cases when this ratio is high for the green algae, dominant in the coenoses, and is low for the blue-

greens).



Themode and empirical data on the role of the N/P ratio for the species and size structure
of phytoplankton communities have made it possible to formulate the conception of directed
reservoir blooming control with the aid of biogenic manipulation (Levich, 1995a; 1996). In the de-
eutrophication problems, regulation with the aid of the N/P ratio leads to an opportunity of
paradoxical control. Namely, the conventional way of de-eutrophication is to lower the phosphoric
load (arrow AB in Fig. 1). If, however, it is indeed the low N/P ratio that is essential for the
dominance of cyanobacteria, rather than the absolute doses of the nutrients, then one can achieve a
transition from reservoir blooming with the blue-greens to blooming with, e.g., Protococcales, by
adding nitrogen compounds to the reservoirs (arrow AC in Fig. 1), which is both technically and
economically much easier than to extract phosphorus or to restrict its presence in the flows. The
additional primary production emerging due to enhanced doses of nutrients (now as the biomass of
the Protococcales) may be easily utilized and turned into secondary production by consumers (for
example, by fishes eating phytoplankton, specially introduced in the reservair), since green algae,
unlike many taxons of the blue-greens, do not form a trophic dead end and are, as a rule, not toxic.
Moreover, a transition from the domain of one-factor limitation (point A in Fig. 1) to that of two-
factor limitation (point C in Fig. 1) guarantees the absence of accumulation of the nutrients in the
medium due to their full balanced consumption.

The regulation of the phytoplankton community composition may turn out to be useful as
well in the case of optimization (by species or biochemical composition, or by size structure) of
forage phytoplankton communities for invertebrate breeding, herbivorous fish breeding and other
forms of aquaculture (Levich et al., 1996a,b).

An increased proportion of the blue-greens due to a lowered environmental N/P ratio may
turn out to be useful for sewage disinfection if sewage waters are to be used for sprinkling or in

order to improve the biological properties of sprinkling waters.



4.4. Interpretation and dscusson d the extremal principles. Gibbs's theorem

Extremized invariant andthe entropy
The functional H (i), extremized in the above variational problems and called the

generalized entropy in Sec. 3, was obtained as a logarithm of the specific invariant which has
emerged while ordering the mathematical structures describing the system. The similarity between
the quantity H and Boltzmann' s entropy is nat by acddent, since both structure invariants and the
statistical entropy are calculated as the numbers of certain transformations (in the case of statistics
they are treated as “microstates’). However, our functional, obtained from functor comparison d
structures, is in noway conrected with a statistical context: its application requires neither large
abundances n;, hor alarge number of speciesw.

A corcrete form of the generalized entropy depends on the type of transformations
admitted by the structure of the system under study. Some variants of functor invariants of
structures are coll ected for ill ustrationin Table 4 (Levich, 1982 Levich and Solov'yov, 1999.

A substitution d a solution to the problem (1) —the species dructure formula (3) —to
the entropy formula leads to a representation d the entropy as a function d the resources limiting

the system devel opment:

In the thermodyramical case, when | deal with a maximum entropy of a gas, with the only restriction
by the heat flow L' =AQ, | obtain H=AQ/T, where Z/T = Alis the correspondng Lagrange
multiplier. This establishes a relation between the "generalized entropy" H and the entropy in
phenomendogical thermodyramics.

Thus the extremal principle that | have applied can be treated as one of the modifications,
or, if it turns out to be acceptable, a ground for the maximum entropy principle (Boltzmann, 1964

Gibbs, 1902 Jaynes, 1957 Feynman, 1972 Levine and Tribus, 1978 Haken, 1988 Gzyl, 1995,



which is most widdy applied in the most different fields, from pure mathematics and theoretical
physics to ecology and linguistics.

Other thermodynamical extremal principles are equivalent to the entropy principle:

A maximum of the entropy H with an energy E restriction leads to a minimum of the
Lagrange function F = E — TH, which is called in thermodynamics free energy (a relation between
the absolute temperature T and a Lagrange multiplier was indicated two paragraphs before).

The quantity e= T(He — H), where He is the entropy of the system in the
thermodynamical equilibrium state, is called in thermodynamics exergy (i.e. the energy that can be
converted into useful work with the participation of a given environment). S. Jargensen (1986; 1988;
Jorgensen et al., 1995) has put forward and successfully applied the maximum exergy principle in
the context of ecological modelling: changes in the influence upon a system will cause the system
structure changes accompanied by non-negative exergy changes. The exergy value coincides up to a
constant factor with the "generalized entropy”, the logarithm of the specific invariant of the system
which is extremized in our approach. Thus the extremal principle proposed in the present work is a
modification of S. Jargensen’ s maximum exergy principle, supplemented by a non-thermodynamical

method of entropy calculation.

Complexty, information, self-organzation, exparsion, measure of structuredness
“stability”, diversity

The entropy origin of the functional H creates for it some more possible interpretations:

A system complexity measure.

The amount of information contained in the system structure (Levich, 1978; Jargensen,
1995; Bastianoni and Marchettini, 1997).

The degree of the system' s sdf-organization (Klimontovich, 1995; Levich, 1995b).

In its original formulation (Section 3), the extremal principle under consideration is

postulated as a realization of system states with an extremal structure. The construction of a



comparison between structured sets (Bourbaki, 1956 Levich, 1982 Levich and Solov'yov, 1999 is
similar to that of cardinality comparison between structureless &ts. Therefore the extremal principle
proposed here generali zes the maximum expansion principle (within the resources available), which
is conventionally applied in biology to separate populations, to communities of many species.

The functional H (ﬁ) may be characterized as a measure of the community
structuredness i.e., the degreeof remotenessof the set' s partition from its gructureessanalogue. In
this way to the formulation d the etremal principle as that of the realization d an extremal
structure returns.

For systems with the same basic set cardinality n, the value of the specific invariant

n w
J(A) = n will be the greatest if the denominator []n;" is the smallest. This quantity is

w
|—Inini i=1
i=1

the number of transformations admitted by the system structure (in this case, the structure of a

partition into nonintersecting goups of indviduals). Thus the etremal principle reduces to the
requirement that a state with a minimal number of admissble states be realized, or, in the above

sense, a state with the most “stable’ structure.

W . .
The quantity 1y (A7) = - Z M| og™ is used by ecologists as the diversity index of the
n L n n

i=1

species gructure of a community (McArthur, 1955. | would like to nde that a consideration d
communities with aher admisshble transformations than thase adopted in aur modd (Section 3) leads
to expresgons for the structure invariants which coincide with aher known dversity indces (see
more details in section 5.1). The above identifications make it posgble to interpret our extremal
principle as the requirement of a maximum species diversity in a community (see eg. Lurieet al.,

1983.

The Gibbs theorem



It can be shown (Levich and Alexeyev, 1997) that the problem (1)

[(H () - max;
U W L
Erk(ﬁ): Zqikni <L, k=1m
O i=1

for each j = 1, m isequivalent to the problems

R (N) — min;

ak(ﬁ)SLk, k=1,m; k#j;

=H () = Ho.
It thus turns out that, instead of the formulation of the extremal principle as “the system entropy is
maximum under the condition that the resource consumption is lower than a certain deposit”, another
formulation is valid: “the resource consumption by a system is minimum under the condition that the
system entropy (or its complexity, diversity, etc.) is higher than a certain threshold’, i.e, the
maximal entropy principle is equivalent to the principle of minimal consumption of limiting
resources. The theorem indicated is a generalization of the Gibbs theorem (Gibbs, 1902) that the
requirement of maximum gas entropy (for given energy) is equivalent to the energy minimization

procedure (for given entropy).

5. Ecological meaning of the model constructs

5.1. Origin of rank distributions

If one enumerates the groups of organisms by decreasing abundances, then the number i of
agroup is called its rank, and the rank dependence of the abundancen(i) is called a rank distribution.
The rank distributions of abundances (or biomasses) are an effective tool for quantitative studies of
the structure of ecological communities and for normalizing the structure-violating influences.

One may consider as groups such sets as biological taxons, size classes, or any sets of

individuals united by physiological or other indications. The reviews concerning applications of rank



distributions in ecology (Levich, 1980; Frontier, 1985; Puzachenko, 1996) contain a great number of
references to studies of communities of plankton, benthos, periphyton, birds, mammals, insects,
higher plants and many other organisms.

Various approximations are used in ecology for phenomenological descriptions of rank
distributions (Levich, 1980): the exponential modd, n(i) £z ; the hyperbolic modd,
ni) 01/ (i +B)P; the zeta distribution that unifies them n(i) Oz' / (i + B)P; the “broken
rod” mode, n(i) OIn (4i) (wheren(i) denotes the number of individuals of the rank i; z b and B

aremode parameters).

The species structure formula (3) (see Section 4.2) explains the origin of rank
distributions.

Lee m=1, i.e only oneresourceis consumed. Let the species demands for this resource be

distributed linearly: ¢ =qui. Then the species structure formula yidds the exponential rank

distribution, ni/n = Z, where z=exp{— )\ql} (see also examples in Section 4.2). Then, let the

species  demands be distributed by the lawg; =g, In(B + i), then ni/n O1/(B + i)B, where3 = A Q;.

For such a slowly varying demands distribution as ¢ CInIni, | obtain a distribution of abundances

close to that specified by the "broken rod" modd, n; O-Ini. In the case of two resources and the
demands distributions qil Oi and qi2 Olni, | obtain a two-parameter zeta distribution of

abundances. The abruptly decreasing form of rank distributions becomes understandable: according
to the species structure formula, the abundances depend exponentially on monotone demands
distributions. Thus the distribution of abundances is entirely created by the distribution of demands.
See also other examples in Section 4.2. Fig. 4 illustrates the empirical rank distributions for

phytoplankton.



5.2. Biological diversity

The origin of diversity indices

The rank distribution parameters (the Lagrange multiplies of the modd) reflect the
abundance decrease rate (abruptness, evenness, uniformity, homogeneity, etc) from group to group,
or, which is the same, the degree of dominance of highly abundant groups. These parameters are

called the indices of species (as far as a species distribution is concerned) diversity and are usually

calculated using approximate formulae (W —1)/I oogn (Margalef, 1951) for exponential rank

distributions, w/ Jn for B€ =2 (Menhinik, 1964) for hyperbolic distributions, (w —1)/n for
€ =& (Odum et al., 1960). These indices are incorporated in the class of parametric ones (Levich,
1980).
Another class is formed by imperative diversity indices, like the entropy index
w w
n N . . [N .

- Z — | n— (McArthur, 1955), the Simpson index 1 — Z E_E (Simpson, 1949), or the

=N N i=1 -

w
[1ni!
i=1

invariants of mathematical structures which create the functionals of the variational modd. The

1
Pidou index Hl n (Pidou, 1975). These indices are unambiguously related to the

entropy functional has emerged (see Section 3) in modelling of a community by the structure of a
partitioned set and mortality and cdlular fission as admissible transformations (the correspondences
in Table 4 which are injective and surjective, but are not functional and are not everywhere defined).
If one admits, in addition to the above ones, such transformations as absorption of some organisms

by others and introduction of individuals from outside (arbitrary correspondences in Table 4), then

2 w 2
the specific invariant acquires the form 21 /|_| 2™ while the extremized functional —namely,
i=1

o w ,0
the logarithm of the invariant —is n2 % - Z (ni /n) % i.e, turns out to be proportional to
i=1



Simpson' s diversity index. If only invariable existence of individuals is admitted (injective,

functional, everywhere defined and surjective correspondences), then the specific invariant of the
w

partitioned sets structureis n/ |_| n; !, while the extremized functional turns out to be proportional
i=1

to Pidou' sdiversity index.

Thus the variational mode allows one to consciously choose a diversity index that is
adequate to the community structure and state. Namely, the imperative diversity indices are
determined by the mathematical structure adopted for the description of the community, and by the
transformations admitted by its functioning. As for the parametric indices, they are created by

extremizing some imperative index and, in addition, depend on the demands (quotas) matrix and on

the environmental resource deposits.

The biological diversity theorem

According to the variational mode, one can assert that the biological diversity is a
consequence of the limited nature of biogenic resources on the Earth. More precisdy, the following
theorem is valid: under unlimited resources, only one-species communities can exist. Indeed, a
solution of the variational problem (1) without resource limitation using Lagrange s method of

indefinite multipliers implies the requirement that the partial derivatives of the Lagrange function
~ gw 0
®=H (n) + )ﬁz ny — n%with respect to n; and n be zero, which in turn allows one to express
=1
n, and n in terms of the multipliers A: n;= n =€e A-Iand their substitution to the constraint

w
> ni =n giveswe=€ 1
=1



5.3. The ecological meaning of the Lagrange multipliers

The interpretation of the Lagrange multipliers (at least for m =€ 1) as parametric diversity
indices has been demonstrated in Section 5.2.
Another interpretation is connected with the dimensionality of the Lagrange multipliers.

Since the exponent of the exponential function in the species structure formula (3) is dimensionless,
the dimensionality of the multiplier A¥ is inverse to that of the demands qik . That is, the quantity

1/A\* may be proportional to the community-averaged demand for the resource k, having the same
dimensionality. (I would note that, in the case of perfect gas thermodynamics, for a given energy one
has 1/A€=T, where the absolute temperature T is proportional to the mean molecular kinetic
energy.)

One more interpretation is connected with a theorem of variational modelling claiming that

0H _ i
oLk

(Lancaster, 1968), i.e. the Lagrange multiplier A¥ is the changing rate of the entropy H due to
changes of the resource k, therefore it may be interpreted (Intrilligator, 1971) as the "strength of

influence’ of the factor k upon the "goal function™" H.

6. Conclusion

Works in the fied of variational modelling can be continued along several lines.

The category-functor basis of the modd requires further development. In particular, a
formal rather than heuristic foundation of the formula for a specific invariant is necessary. It is
possible to perform calculations of functionals for communities with more complex structure types,
e.g., with age or trophic structures.

It is desirable to have a "local” instead of global formulation of the extremal principle,

making it possible to describe trajectories of a system rather than only stationary states. A search for



dynamical equations may turn out to be promising on the way to choosing dynamical systems whose
calculated generalized entropy would be a Lyapunov function.

It is possible to solve variational problems with functionals and limitations other than those
used in the present paper; it is possible to formulate and prove the corresponding analogues of the
aready existing theorems, to formalize the approaches to descriptions of communities consuming
mutually interchangeable resources, to obtain models of exploited populations, etc.

It is necessary to continue the experimental verification of the modd' s consequences; it is
necessary, in particular, to perform the above described experiments for testing the Limiting Link
Rule. It is of interest to seek physiological mechanisms responsible for the realization of the
maximum species abundances theorem in the case of equal ratios of external and internal
concentrations of the limiting resources for a given organism.

Another point deserving attention is application of the ideas of ecological variational
modelling to the description of technocoenoses or economical system which function under the
condition of competition for resources.

Application of the consequences of variational moddling to the ecological normalization
problems may be of great importance. The point is that the mode constructs (functionals, Lagrange
multipliers, solutions of the variational problem) specify certain quantitative laws, and a deflection
from these laws may be interpreted as an extent of violation of a system' s normal functioning. Many
of these constructs, in particular, rank distributions, parametric and imperative diversity indices, are
systematically used as integral estimation characteristics in the ecology of communities (Levich,
1980; Levich, 1996a). A variational modd allows one to consciously sdect the characteristics
adequate to a situation under study and to obtain a biological-based estimate of the ecological state
of natural objects on the norm-pathology scale. On the basis of such an estimate allows onecan, in
turn, calculate regional standards of ecologically admissible levels of environmental factors which

violate the ecological prosperity (Levich, 1994; Levich and Terekhin, 1997).
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Fig. 1. Stratification of the resource space for m= 2. In | the resource 2 is limiting, in 11 the resources 1 and 3,

and in 1l theresource 1. See notations and comments in the text.
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Fig. 3. Stratification of the resource space for a “community” of a single species.



Fig. 4. Graphs of hyperbolic (A) and exponential (B) rank distributions. Crosses mark the empirical values of

phytoplankton abundances in the Rybinsk reservair.



A ny
0,6P
|
0,5 ;
0,4 :
|
03 l I
024 - ! | X
i [
0,1 ¢ |
. { I
0-#@* ; | .
0 1 2 3 4 5
v 1 1
L
C D
n, n
1
1K L

Fig. 5. Abundances for experimental demands in a two-factor problem (L* ranges from 0.001 to 99; L? ranges
from 0.001 to 50).

A. Therdative abundances p; = x/n (v = 3.06; n = 4.36).

B. The abundance n; (it ranges from 7.833-10° to 4.192).

C. The abundance n; (it ranges from 4.210™ to 83.16).

D. Thetotal abundance n (it ranges from 1.38910° to 275).
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Fig. 6. Abundances in the two-factor “quadratic’ mode ( L* and L? range from 0.001 to 100).
A. Therdative abundances p, = n /n (I = ]7)
B. The abundance n; (it ranges from 7.932:10°® to 3.791).

C. Thetotal abundancen (it rangesfrom 5. 267-10* to 52.67).



3!
=
e
ot

Fig. 7. The reative abundances p,= x/n (i = 2 for A and i = 4 for B) as functions of LY/L? and LY/L® in a three-
factor mode (LY/L? ranges from 0 to 4.955 in A and from 0 to 6.494 in B, LY/L® — from 0 to 0.952, p, —from 0 to

0.3153, ps — from 0 to 0.8752).
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Fig. 8. The dependences of rdative abundances in a four-species culture on the initial environmental nitrogen to
phosphorus ratio. 1 — Ch. wulgaris (the demands ratio q'/q” = 8); 2 — S obliquus (q'/q” = 13); 3 — S quadricauda

(V" = 19); 4 — Ankistrodesmus sp. (¢"/q7=25).
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Fig. 9. The dependences of reative biomasses in a three-species culture on the initial environmental nitrogen to
phosphorus ratio. 1 — S quadricauda, 2 — A. falcatus, 3 — A. variabilis. The initial environmental phosphorus

concentration has been equal to 0.5 mg/I.
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Fig. 10. The dependences of rdative abundances of species on the nitrogen to phosphorus ratio in laboratory
experiments with two-species cultures. In Fig. A: 1 — S quadricauda, 2 — Ch. wulgaris; in Fig. B: 1 — S quadricauda,

2 — A falcatus.
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Fig. 11. The dependences of final absolute biomasses on the initial nitrogen to phosphorus ratio in the

experimentsin vitro. A —Chlorococcales;, B —Bacillariophyta (1), Cyan ophyta (2), Volvocales (3).
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Fig. 12. The dependences of relative abundances of size classes (under 0.1 ng (1), 0.1- 0.3 ng (2), 0.4-1.0 ng

(3), 1.1-3.2 ng (4) and over 3.2 ng (5)) on the nitrogen to phosphorus ratio in the experimentsin vitro.
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Fig. 13. The dynamics of relative biomasses of the Protococcales (A) and the blue-greens (B) in pond

phytoplankton in situ.



Table 1. Domains of limitation when the algocoenosis growth is potentialy limited by nitrogen (N) and
phosphorus (P)

A —cdlular quotas q!‘ of agocoenosis components and boundaries V(qik) and r](qik) of strata in

resources space generated by quotas.
B —belonging of nutrient media in the five experiments to different strata, in which community growth is

restricted by different submultiplicities of available set of resources.

A
Algal species and parame- Cellular quotas (10”° mg/cell)
ters of the strata boundaries N P N/P
Scenedesmus quadricauda 12 0.02 60.0
Scenedesmus obliquus 0.46 0.025 184
Ankistrodesmus fal catus 0.4 0.04 10.0
Chlorella vulgaris 0.6 0.02 30.0
k 175
V(qi )
k 31.7
”(qi )
B
Environmental content of resources
(mg/l) Limiting resources
N P N/P
6 0.05 120 P
6 0.10 60 P
6 0.20 30 N, P
6 0.40 15 N
6 1.00 6 N




Table 2. Genera set of calibrated quotas (q) and the relative abundances of species in the communities predicted with its aid (re is the rank of a
species in a community in the experiment; ry, is the rank of a species in a community according to the model; rq is the rank of a quota; Sis Spearman’ s rank
correlation factor)

Experimental run
Species Iq 1 2 3 4 5

le Im le Mm le Mm le Im le Im
A. braunii 4 3 3
A. acicularis 9 4 6 7 7 7 7 7 7 4 4
S obliquus 2 1 1
S nivalis 8 5 5 5 6 6 6 6 6
Ch. cinnoborina 12 9 9
Ch. humicola 13 10 10
Ch. vulgaris 5 7 4 3 4 3 3
S mirabilis 11 8 8 8 8 8 8 8 8
S bijugatus 10 6 7
S guadricauda 3 2 2 2 2 2 2 2 2 1 1
A. falcatus 6 6 4 3 4 4 4 2 2
Anacystis nidulans 1 1 1 1 1 1 1
Pleurochloris magna 7 4 5 5 5 5 5

S 0.915 0.929 0.976 1.000 1.000



Table 3. Relative abundances of species in the community vs. the environmental N/P ratio in

simulation modelling

N/P Percentage of species in the community

Saq. So. Af. C.v.
0.07-5 75-80 3-6 6-8 5-10
5-10 70-85 1-6 6-15 5-15
10-20 60-75 0,6-4 10-20 6-17
20-30 40-60 0,5-3 20-40 10-17
30-60 35-50 1-3 37-55 7-15
60-80 30-40 1,5-2 50-60 7-9
80-220 10-25 1-2 60-85 4-8

Notations: Sg. — S. quadicaudg So. — S obliquus, A.f. — A. falcatus, C.v. —
Ch. wulgaris, N — nitrogen, P — phosphorus.



Table 4. Number of correspondences from the set X (with the number of elements x) to the set
A (with the number of elements a). C* means a set C with the number of elements k. The
subscripts mean that one counts the correspondences possessing the properties whose
notations enter into these subscripts:

p —correspondences defined everywhere;

f — functional correspondences;

| — injective correspondences,

S— surjective correspondences

7 (r) =2 X (A) = %z(ﬁ)lg\fs(ck)
BA)= - HORSLRIAN

7 (A)=(@+7" I5i(A)=x"

13(A)= (2 -9 A= 3G @ -k
17 (A) = (x +2? 1%4(A) (a"jlx)!
i(A)=a® ) = 5

BA) = 3 1TedPa) e Tal X (a) = 5 (- (x k)
— is the set of all possible coverings of <=0

the s A

|§i(A):k§ZO<§>|§fs(ck) SrsfA) = x!




